Stable Homqfoﬁ_tér_ —ﬂqeﬁ%

Topoﬁogg with neacd‘ive sld'\eres.‘



Unstoble homotopy,

Work with fnin.ﬁd L X wikh boc!foi&t Oy = ¥y e A.

Eg S*=R vinwl with besegoik oo [S“Eixeﬁmlnxu-lf},
Ho X is Hle reduced homology- € X eg HyS'=Z in degree n.

vy =Galee) (O 4
K b4 XY

A (kv Y) = H0O @ H(Y)

Xa¥ = (X<¥)/(xyY) @ .
OO =

i T X : xxY XnY

H (XaY) ~ H()eH(Y)

X = S X :E
4 Th Wi T

e 1 T 6B X ™

A X = ¥

F0LY) = § confinmous £:XY | €00, =4y}
[X,¥)= n F(X,Y) = § homotopy classto & mops X-Y3.
Y= [85 %), TWais o qug JMA 0>0 and is

abelian wWhen n>],



Cofibre_;)_

Givan f: X237 we put Cf= 7Yy, (XA 1)

— ® & &

Y. I cf

If £ is Ha indusion of a subspace than CF— Y/x
s o hﬂﬁﬂhra '.iu,iudla:l,

Tt s o fong execd sequince

> H X o WY DRl — H,IX —H Y-
so  HCF = coker (H,f) "@" ker (H,I¥)
There is a  long exock sequence

[%. 2] &e— [¥,2] e—m— [cf,ﬂfj (bosed sofo)

C[Ii;i] e— [I12] e [‘EEF,ﬂg (%nuﬁls}

C[_lflll‘i] — ff? 2] &— [I‘CF,‘I]Q*— e [ abelian ﬁmﬁs)



Whlér necjafive, 5pheres Z

We'l .m’lrud: a clegey F of Fimﬁafedfn- by " adgeining
neqative ;rhcrla" to Ha hnnu'hvg_ cdlﬁnné. of Finka bosed
5|‘Mflit-l'ﬁ1 t:nnrh.:ﬁﬁ.

“The rmf ok 11'&('?() s an abelon qroup involves S
Unotubly it onley wordks e n22, b in F it holds for ol n.

Theoter (Frondinthal) : 1, @) & [T°X.2°Y] ace indspondact

ek n for AP0,

Tn F, e have WHM'&H‘ all n.

iln T, First nontivial l\ﬁﬂu‘l"ﬂfu group of X is Ye same

g0 $a Rt nontvivial homology anup (¥ Hurewicy Hhreortm) |
Uroteblyy et ot awkwad modificationa for fou deqrecs,

Given o space X om canm find N and 7 sudh ok
HY * B'SX . (Mais aled  Spunier - Whiilehod dustity),

In F we com have N=0 & Y=:DX is canenicel. .
MO, := { wbordiom cloosts of n- manifolds ¢ Mo, = @, Mo,

Theosn (Thom): 3 spaces Mo(k) with MO, =T, Mo(k) for k>0
(and. MO, = (R/2)[x,, %, %, % . %p,.] )

M is & W MO wnith T, MO = MO, ,

Dol pesndicaty sos T¢(B0) is ®-genodic M pesitive degraen.
MW}NH KO has T,[KO) pm‘uﬁc M all hﬁrﬂ.ﬁ



@

The Sponuer—Whikheacf. Caﬁfﬂorg,

[ H'Flﬂhtlv 519!:.""""‘. 5 JM‘* a Pﬁ.;,r fﬂ K) fhhﬁnuh"uf"
s I'XY) whet neR and X is o fulr bused mwpb}(

o We e [(aX),(m.7)] := [I™%.12"" Y] &c aso

o Thue ot Ha morphiom selp for the a#.gmg,.ﬁ of
finde speckn, oloo colled e Spanier - Whitehead cotegony .

o A more camf'lx FvuJurﬂ nfm-.Ja F to give Board mon’s “'hﬂ“ﬁ-
D of (posibly infinike) spectnn .

¢ Given P,RER we con dafine Pe@, PrQ, ZTP , Z'P,
Hy P ond -, P. mew'{ita ot oa for spacss  axapt
#at [t7,76] = [.Q] ond 7, TP=m P,

e Given 'F Po@ in B we can define cfFel and 'ﬂt
ﬂms exach Sequan ceo

v SHICF 2 HP 5 HQ = HCF = H IP— .
= [T, 1] 3 (Me] 2[T,@)— [T,¢F] = [1,5P] ..
- [FCT) [p, 7] & [0,7] « [ct,T) &~ [7P,7]e.

® There is a duabity fnctor D:FTaF _,.'w; D'X=X
and [UaV, w] = [U, DVaW],amd H,X = H DX,

If XcS" and Y=SY\X +hea Dla,X) = (I-n-N, Y),



|

|

|
|

ComeLOFHOrL

[F.@] is rumif% famfutu.ua. from i.'mi:f.iﬁaj.
deocaption of P and @ [’bg irvfmd'ifd- dﬂml

In Pmd&.e, [r.@] can often be dJdedeomined Bg. hard.
colenlobions wikh e A dams ﬁpul‘nl gim

o, = 0 For n<Q

Zz for n= O

finde for a0
S is a Ang , in Jhich el derendy o deqree >0
et ailpotat’ (by Nishida's Hheorse).

nS= 2 w$S= 0
w 5° = @) iq} 5= 0
nS® = (@) {q4 m $° = (Z)iv}

™ 8% = (p/w)iv]

[rpele® = Hem {Htfﬁ‘ﬁ} , H.(o: ﬁl)



Thom sPec;Jrra { &uaﬁihét

& QWH'aned'nrbmdh V over a ‘F‘Mb.:.m-f{tx}( He

“Thom space G Juot the ane - poink tgafnobi‘rrdlnm
of Ha total spea of V.

e TF V is o constod bumdle of dimamaion n then X'=Z"X,

L ﬁ"(x") is o free module over H'X on om Mﬂr,
in degree  equal to the dimemajon of V. (Thom isomorphiom )

& (iven another bundle W we Jdafine o Thom spechum i
as (N, X"®1) e F, whet WU 15 chosen swcds Heak
VO U 13 isomorphic o the N- dirmsionsk  corotaat bundle .

@ For a com a{ closed ”mMMmH\W!MMT
we have Dfﬁvu) “ | ( Atigah M‘f‘l&)

Poincoct J-ml&g follows eu:l.o from this,



Stable spﬂﬁling

"n'-erﬂ T, mmui spacan X whose ufr'hfnh&rnﬁ srcal‘m ;r!.ii- up
in  unerpecdled aad inteahing ways.

Pt Gz IVEE | dim(Wol] gud Ut A be +he bundle
Jnoe Eibre ok V' is Ha space of oatilmition endomerphiams of ¥
Thea ute) 2 V.. & ¥ ( Haynes Miller )

e space SLS™ = F(s',s™") spkits in 8 a0 \)‘Lh 5
Te e 5= FISLS) splibin B an Vigo GR)

e o Fhut‘siﬁsﬂ"mhk} and o Ebe of V at A 5 MaplAR)

Suppose thak o Hnk qroup G ads am X | +that H,X isa
F-‘f‘ﬂﬂim Qreue , andl thok e € Iﬁ.[(:] satisfiea 'z e,

‘ﬂ\'l'rﬂ- X=eX v {,[-E)x ; mLErl H#{EIEF;\] = £. H,.fliﬁ-jl

Eq C;=(|'Lnflﬁ.) a E.:.Sf!liﬂh‘![ rhnfahnt , K= ony of vasows
Speces o030 crolid Fmdﬂﬂaﬂ-s o veclor gpa-ee or¥ Ff.i

Eg C=Tu, K=YV = ¥a.uaY will eadsnt (- ackion.
5!’"‘""“5 of X qiver importonk exompleo for chomabic teony.

Tha is o KM - Schoidt  Hloererm SositH ot F—-}wﬂ-‘m Finuda
specka e be split wnd gutdng  indo indecamposiblia .



:

.

® Civen o spoca X, a cjaar‘!{'n.r. n-chain, in X is a pet -ﬁ,‘F)

wheee M is & compack smoo by - mam fold (pﬂihhg wn HA
hm&n} ond F:M X,

the st GCA(X) of imntf‘ruﬂh y 4E ’uﬂﬂ’ﬁl n-chad
is & commulaive monoid wnder J-m_]ul'*\i waion .

Thoe is & boundery mep 3: GEX) = GCai(X) given by
I(m €7« [om, fl,,].

This sobiofes 2720 . so we com dafine Mo (X): ke(d)/im(3)

Theoreens (Thom) i MO, (X) = 7, (MOAX,) = MO, (poind) @y Hu(XiF).

Repeak with onedid wmonifoldo 4o gt M50,(X) = Tfs04 X))
This is met datemindd 53 H, X,

hfuut with ('shilv almost) cav-rfu mauifolds $o gek
MU (X)) = m, (MU aX,),

”U,,ffnini') 5 unn-h-n% immr‘r"'-ir- fv Blx.x, %] aad is
ca.uninui ideakified bk Ln}lﬂli waivea ol fiﬂj for 'Fﬂﬂ“lJ
qiowgs- Thia mokeos o :r-fo-t"'lnl' finke wilh formel 4 M

The Alora - Novikey 5*1.&11-‘» ll.-ihlml‘.l- gl‘u’ﬂﬁ HQJ""\IJ 'F""
compuking, . T, 5° s-lwi'iﬂg with e oohorolegy of 15 stuok



{V\o_ravcx_ K Hf\eor

e Y

® MU X s o veny PM“ invenont of X, but 4 is abo
ven tw%c. L sometinta heal fo compule,

L ‘ﬂ-u: Mﬂmu‘m K-Mnrim oMt gfu}'n. Kfp,u) a'-l.’Fm.l.J. for

P pime ond c€n geo, Tosethar P"‘j ort. olmost an
Fnutrm as MU but mach eaaier o work wite,

® Ko, X = H(x:@)
Kip®), X = Hy(X:F)
K{P*“}t {i‘“""ﬂ - -Frv[vn " ‘r;'] I""rn! = EFH‘I :

o If X is findh then dlp.n. XY := J';'”Eh..ﬂ."] Kipal, X & Pz
amd  dipmn, X) € ci{p,ml,xfi. Moreover |
Klpaly X = Hu(x i F) ']l for ado,

@ If E=K(pr) tha E(XaY)= EX® EY for ol x, 7.
Ay oftar fhtay E with Hhio progeds, is determirnd by te K(pn)S,

© We oo have KipalX = Hom (o (Kload X | FluwT)= Klom, DX
bl

® If ¢ is o finrke i then k(e AV BG v a Frobeniws .Laabm.
over Flg[“n:"n4j. Tt s known tr.u:-f.«i:.:'}‘hj ey Gt -

nle, nlk.
. IF G = ,[_’_‘F:._, i I{:rh- ‘J'kld'l Kfﬁﬂj'ﬁ. = Fflif ;3”--1“"]/{3{:] PEETE xr )

® Kpn)eX hos a rebvwnl aekion o G mdwn p-d@\iL u«w-l-ohc. Lie
goue o dimandion A, dhe Momva si-*iu;_gr Brvng .



Nilpotence theory.

®  Theortm (Hophino , Devinoly, Seaithr):
IF £ I DX satiafiea Kpa),f=0 for sld (pn)
fan tY-0:ZK2X Ar k3o, (Het XeF).

® Thet ot shuler shlemants &Wﬁma\“#wpﬁﬂdpﬂ#ﬂu.

® o ﬁﬂﬂ'uﬁ.ﬂg, in F can b buwll Gom spherts b-j cobibrakionas £ et D,
o Ofttn pouhnl 4o shert from sorething ofa fhan sphato & se
what com be busl. For I.:wnf'!, F HoX s p- toraivn e X
com be built fom (5" [ne Bl et S s Pe

cofber of p hies e kg mep en S”
o IFf th"'}(-—‘x i qerv Han, EF:XwEJ‘“,‘( X s oa b £0F
o TF £:T'X 2% iy ety wilpolak fhun X cov be bilt fram CF.

Thus . Jhe H-u-fn"'lﬂﬂ thagrien Mfs wn hn.i“-iﬁj fﬂhm.
® e (x) = minfa| Klpale X # 0} € Nuico}

® Theorem {Horhﬂ,f;nil-h)c X com be buitk from Y &
':-ﬂrEP(#.) > ']"jfer{‘}’) tor olh P-

@ T s maioam to He c.a.tﬂaﬂs, o of PuFG-J: wrp lives

(= Findt (hain complexes of  findkely genntid Pm‘j.ﬁdiw modadio)
ot o n‘”ﬂg R. Th space sfufﬂ-) con be recovetd P G

We com appy Hhe recowy proaduwt to F to cbtain o space
spec (F). Tre obove Heortm sanys Nk spec (T) bijedo
with #a sk F Momva [¢-deories |



Eiﬁenberg - Mac Lane specta.

® A spechum Xe® is an Ei&ﬂ%*”ﬂttﬂ-ﬂﬂ Speohw.
if T, X=O for ok n#0,

o We wnt & for Mo Al sbcata of B covn
.fE Eilinbeg ~Muclame  specha . i 2

o Thurem : the Gunchor ‘ﬁ¢=z—‘% iﬂﬁ!1ﬁvakn¢r..

Thus, qier om abelia- grovp A, Hee is o~ exedislly
wiqne Eflhh&-ﬂitﬂiﬂt? IMM HA Wl n,HA=A.

® Thestm: L[X TMAl = H"(X;R) ol 7. BAAX) = M. (x:A)
o HA= Lin I "(A®Z[S"}) uhee
21x} = (Free ohalimn ganp on X) /(Fee abelion grmvp on 51)
o The qohd dng A'=[HF, THE] is colled fh
Stesnrod algeherm. Tt is womplicalid buk ell- undersiood.
® Te Aders iruﬁ\im e & ey to Wm
(e 5°)7 staking fo  Evt gy (F,, o),



_ﬂ]e Se%ci cogjedwc,

o Lek G be o fimle quw. Put
AG)= TIXI-0YT| X &Y be finde C-setsF

® Thi is a dry with [X]4[XT < [XuX'T gnd
X0 = [X*X']  “Thee is a Ano, nep 2:A() 2.
with kec(s) =T say. Pk AlQ)= bm Al)/1",

® Thurem ( corjeskune o8 Seqal , poved by Codison )
Ac)= [ es), (086)].

® More .
A(G.H) ~ (GrH)-sehh  on Shid G oo fruly, but
H ned. Mt‘ e !-aﬂ;ﬂ th ﬁ(#:.lﬂ- (.wli"ﬁﬂ H"{' lq .

o Theortn ( Lowis - Mosy - g‘mbﬂjtr)‘- e, ) = [T765,, Z76H,]



K‘ 1 hwﬂg of cocfegodezl

Civen onuy ntnsun} € we difie a spoce DBE uth o vedtex
for oo ﬁlu‘-f/t y @n eﬂﬂ for cach Mufrhinlﬂ,
ond an  n-simplax Y gooh u-riuv“i A tuple o Mnriuﬂl

Suppost v hove o fungfor @: ExC 2L wnki‘ﬂg EZ a
Hnﬂﬂﬂ'ﬂ Hnuiutul rn-*tgu\g,i This ;inducan o~ mape
BE = BE —BE making BE o commubalivt  monatt W

‘v homu"ﬂ?fﬂ.

The®t is o canonicel waay v conved iy o ret
whidh v a PrUp  wp o hnﬂuhfn.

That is 0 camonical irulf'run K(E) such 4ot Hhe
stuble hurlﬂ"‘ﬂpj ﬁim'u ﬂ,l"-'ff‘) ore e wratuble ﬂnurr n, El:t

Theortm ('ﬂnumsuﬂ): # M, X=0 for nco +han XZK(C) forsme C.
K(f ek gt b bijeckions]) = s°

K(ifink G-sola]) = I7 B tamaitive C-skf, = \f, BNH, = (52)‘;
K(\finke fte G-wbl) = TVBG, .

w(fin. aes. pruj. ﬂ*mal-.-!wn = K(RY,  Twis hao been shukied t:hu:uo%
a-.:rr_uuuq Jhtn R iy o aumbe field. (‘5 Voavedoky's Fields medal).

If C is e M-dimemiond coberdiom coteqey (a0 in TRFT)
Hen o’ s wlited 4o oapp iny deos greyes & w(e)
nsmﬁnu-, (@rP®)™ (o Paswn f Modoen & Weiss vprovive
a bﬁgiwnj g.--ju}u.t & Mambrl),



Cooduwillie  calculus

® For aq cosonalele Aunclor F from spots fo spacs ,
Coodwillic W defined “dasvelives™ D.F  and "Taylor

oppoximebions” P, F,

is o spechum il an adhion of e
S'v:,.ﬂ-"l-l"‘t qrMp 2., whee fa formulae of orelunery

colwlus hoave o Jlnnwna.‘fm" £ n! , Cooderilie
iotead tokes a 11-.:'&'“1 by on ochion of Z,.

® DF

o The iMH‘g funchor is not lineor. The fint Jﬂi‘&-#l
DIL is juet S°. The Mgher dedvetives oa rtleked to
pedition omplexcs , 4o Bahek -Titt bulding, steinbey
modwleo |, sﬁmnm powtsr o 5° o ol K~ ¥heony of

finde sle Al mulbplicitied.

o Tee at vodowds o Coodwillic colouhs $or funcfesr fom
ofte: caflgriesa C to spawes,

o One cem ihl-Jg e space  Emb(M, N) {lthJA‘“!: of
M N, uhee M ad N at rmoniblds) by tuking

Ccfopwn suostl o€ MY omd Fl(u)= Emb(u,N),
> Rolated s ot wsed mHu pret of Ha  Madsen-Wess fheorom,
o That is oo o 3nnsl. theiry for funghon fam vedksr

spacts o +’l‘"{"ﬂi"’"j‘ spe8o.

o Theat ot (loge relabomhips vn Swopy psewedo Botopyy Hheon,
Weldhaaens K- -theciy of space , amd su on .



|

Repreaenhbn‘b'+j andk exactness

¢ A cnhunnhg'a, 'H\i-uf\} is & conhoveiat Functor X E'X
susk ok () E'TX=E"X &) E VX = TIEX;
() E'Xé—E' Y ECF is exedk v amyg £: XY,

e A hunull.oa-.a tevry < covoriond Fumclor X B E X
wn M-h,m fmrufim.

® Theortn {BFHI'I, HMNI)
o For omy ulvwmah,v.j -I’ng_ EY dhet is o
spechrum E such Hak E"X = [X,L°E]
o For omy homology Haew E; thet & a penmbing
-;pluf'nlm E sudh ot EpX= 1, fE.ﬁX)

® Examples: HA, Mo, MU, Kip.a), Ku,.

® Tha funche Xo Hun{ﬂ_*x 3 [;ifl) is repretentid b:, a spechum
T called 4 Ernur--fanmd3 duoh of S5°. It is & fethle soum
of coumttrexanplen

® IF M, is o Cat moddr over MU, et X> M, By, MUX

s o l“""ﬂlﬂﬁ faory ,eprtﬂhw bg & speotrum M suy . Flatraas
com be tlaxed o Land wtbe exadvass, o formel arevp Haorn
cortrhon Mok i genihy chedeed in prachice . -‘"'lnﬂj conceele Em‘f"!

o Thet is WW-P\ 5{;} suyh "H-l.t "I'I’*(Iﬂ 5:1-}3": 'ﬁ;{ﬁ)(r}.
We wite Xy = XaSyy. se (K = 7,00, .



Bousﬁ'dcﬂ ﬁoca Qi.ja_j'l'o n

® If we ot uni.'.g . lun;laﬁb Heoy E, oo ow mMain toel |
it males sense o cono v am(E)=4{X | E.r?(='5‘3 own d
foctor Htrluak e ‘vnh'i-ut categung B /oan(E).

e Pukt BE={xeﬁ ’ [w.x] =0 for M Weam(E)f c @

Thaet s om Q.?uusjlﬂu, Lg ¢ ﬁ/ﬂ.nn{E):%BE r:‘..uf,ci
B owafield Lornhgﬂ-hm

® P Jf[F,n.)= ﬁk[pn}‘ These :destﬁm have much befter finuliness

propurties thon B, reminiscent of modulo for a cormg Wla
Noetwria~ Local fng . There is o clase relabionahip nH H¢
Mormva,  shubiliaer §rugp.

® Pt Elpn) = K. 0)v..v Kfpn) oand £pn) = Beian) -

The Localizokion Bunehor L P B2Z(pn) hoa 1t wamowd
property that Lo X = Xa lga $° for ald X

® T chomakic unmgln:t. +heotm Soan < M K{p’]=£" Lr,,..-.lx

The diffetnce betwesn L X omd Ly, o X s debeomined
519 Hae image o X in Xlpn). Th 8ives O affechve method
for rewieing  jafomahion in B fm Ha uﬁjaﬁu K(pn).

o This chromalac progamme s based o~ conjthuwts o Ravensl
im Y 9704 y NOW H.;H.J frlrd h‘-’ yenmwe o bietl of

Hopkino, Devinaky , Swikn . Ravenel & Mikchell.



Ri%icﬂlﬁcaﬁ on
S0 for, ue have cwnsidetd spechra only oo homotopical

objecto, so ® is anologews P fhe caftgeny ok gyecme
ond homotopy closes £ mops .

Thert s an m&l“qm&, :ﬂhﬁd‘i&. uﬁaaﬂj WM Frm Jwida
B cw be oblmined by in\ruﬁna weale ;qu.iuham.{hd:
Aot by the more aAwive proada o passing to hemotupy

This ollows wo t0 work itk sfu)['ﬂ- Y N gy achions,
continusua fomiliea ofF pekn, divgame of spein
ord so on. Thae ¢ o Adh Hheory for g rug achong .

We cam oloo cooider stricdy commwuiubive riny sp ecdru |
e spechn E € M vtk o commbabive and asseciolave

frndur:.t M EAE—E, EFW'&. indude H , MU omnd
KW buwt ael Kipn)., Thet i35 a 3HJ M o
modulte over dlese ringg, ik Heie K-theory omd Colon fheeny.

The Heory evelved historically in o much moce complex ey
ther ot woewld eppect. For a {aaj Hme Hat wos ne
ﬂn“l condidaf for M ; e eventual constmchon of M
ond anolysis of s popurtiys coatmined o aumber of

Sufrﬁitﬁ >



